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1 Introduction 

Let us consider the following second order ODE: 

> 

Tj- y" = P(x,y) + 3Q(x,y)y , + 3R(x,y)y ,2 + S(x,y)y' 3 . (1) 



General point transformations 

x = x(x,y), y = y{x,y) (2) 

O ^ 

£NJ preserve the form of equation (nj) : 

> y" = P(i,y) + 3Q(i,^' + 3i?(i,y)y' 2 + 5(i,y)y' 3 . (3) 

Let us consider two arbitrary equations ([TJ and ([3]). The problem of existence of the point 
transformation Q that connects these equations is called the Equivalence Problem. For the arbitrary 
equations ([I]) the explicit solution of the equivalence problem is rather complicated, see [3], 

The main approach that allows to solve the equivalence problem is based on the Invariant 
Theory. Invariant is a certain function depending on (x, y) that is unchanged under 

I{x,y) = I(x(x,y),y(x,y)). 

Invariant Theory of equations (JT|) goes back to the classical works of R.Liouville [T], S.Lie [2], 
A.Tresse [3], U, E.Cartan [5], [B] (Late 19th- and Early 20th-century) and continues in the works 
of [7], 0, [5], [ID], QI]. Background is described in papers [IT]. [12], 
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However, only the modern development of computer technology has allowed to make a real 
breakthrough. In the set of papers [13], [H], [H] Ruslan Sharipov managed to build the system 
of the (pseudo)invariants so that all their formulas are calculated explicitly via the coeffitions of 
the equation Q. On the base of this system he constructed the classification of the equations (JTJ. 
It is more total than any previous classifications. Moreover in the each case the sequence of the 
invariants could be continued infinitely. This fact allows us to solve the equivalence problem for 
some equations. See works V.Kartak [16] and |17| . 

The present paper is a rewiew of important works [13| . |14j . |15| . Also added the additional 
subcases (subsection 5.8) that were not mentioned in these works. Last chapter is an application 
of this classification to the investigation of Painleve equations. 

Pseudoinvariant of weight m is a certain function depending on (x, y) that is transformed under 
([2]) with factor det T (the Jacobi determinant) in the degree m: 



J(x,y) = (detT) m ■ J(x(x,y),y(x,y)), T 



dx/dx dx/dy 
dy jdx dy/ dy 



Pseudotensorial field of weight m and valence (r, s) is an indexed set that transforms under 
change of variables ^ by the rule 

rtt = ( det T ) m E E s t>\ ■ ■ ■ s i> r r T h ■ ■ ■ T !l p £'t r > 

p 1 ...p r qi...q 3 

here S = T~ x . It is easy to check that only factor (detT) m distinguishes the pseudotensorial field 
from the classical tensorial field. 

The correlation between the (pseudo)invariants from works [14] . |15| and the semiinvariants 
from works [5], [1] (as they were presented in [12| ) shows in the section 6. Here and everywhere 
below notation Ki,j denotes the partial differentiation: Ki j = d %Jr ' J ' K jdx % dyK 

2 Classification 



From the functions P, Q, R and S - the coefficients of equation ([TJ - let us organize the 3-indexes 
massive by the following rule: 

e m = p, e 121 = e 211 = e U2 = q, 

@222 = S, 6l22 = ©212 = @221 = R- 

As the 'Gramian matrixes' let us take the following couple: 



d' J 






1 


-1 








1 


-1 






pseudotensorial field of the weight 1, 



pseudotensorial field of the weight -1. 
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Let us reise the first index 

2 

e*=£d**-e^. (4) 

r=l 

Under the change of variables |2j) 0^ transforms "almost" as a affine connection. (The transformation 
rule is into the paper |13|). 

Using 0-j as the affine connection let us construct the "curvature tensor": 

f)<r) k f)Pl k 2 2 
g=l g=l 

and the "Ricci tensor" f2 rj - = X)fe=i ^rfej- The both objcts are not the tensors. 
The following 3 indexes massive is the tensor: 

Wijk = Vifijfc — Vjfiifc. 

Here we use 0, fe - instead of the affine connection when made the covariant differentiation. 
Using the tensor W^k let us construct the new pseudovectorial fields: 

2 2 



a<fc = i Wijkd'j pseudocovectorial field of weight 1, 

i=i j=i 

/3i = 3ViQ!fc<i a r + V r akd kr oti pseudocovectorial field of weight 3. 



The coincident pseudovectorial fields are: a? = d? k a.k of weight 2, = d? i Pi of weight 4. 
There are only 3 situations: 

1. Pseudovectorial field a=0 maximal degeneration case, 

2. Fields a. and (3 are collinear: 3F 5 — a 1 fii = 0, intermediate degeneration case; 

3. Fields a and (3 are non-collinear: 3F 5 = a'ft 7^ 0, general case. 

3 Maximal degeneration case 

The coordinates of the pseudovectorial field a. are a 1 — B, a 2 — —A, where 

A = P .2 - 2Qi.i + i? 2 .o + 2PSi. + SPi.a - 3PP .i - 3PP .i - 3Qi?i. + 6QQ0.1, 
B = 5 2 . - 27?!.! + Qo. 2 - 25P .i - PS .i + 3-SQlo + 3QSi. + 3i?Q .i - 6i?i?i.„. 

In this case the conditions A = and 5 = are hold. So the classical Lie Theorem is true: all 
equations are equivalent to 

y" = o 

by the point transformation The dimension of the point symmetries group is equal to 8. See 
papers [T], [7] and many others. 



(5) 
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4 General case 

The pseudovectorial fields a and (3 are non-collinear, so their scalar product is not equal to 0. 
The pseudoinvariant F of weight 5 is: 

3F 5 = AG + BH, where A and B from (5), (6) 
G = -BBlq - 3AB 0A + ABA {)A + 3SA 2 - QRBA + 3Q5 2 , 

H = -AA .x - SBAi q + AABx.q - 3PB 2 + QQAB - 3RA 2 . 
As if F 7^ 0, let's make two functions: 

d\nF dlnF 



Then, using 0^. from (J4J) , let's construct - an affine connection: 

r i = ef 
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Let's construct two non-collinear vectorial fields: 

X = ^- Y=P- 

A p2' ± pi' 

Connection components define the covariant differentiation of these fields: 

V x X = f 1 11 X + t 2 11 Y, V X Y = f\ 2 X + f\ 2 Y, 

V Y X = f\ 1 X + t 2 1 Y, V Y Y=f 1 22 X + f 2 22 Y. 

The quantities f ^ are the scalar invariants of the equation (jlj. In the paper jT3] they were 
denoted: 

^3 = r} 2 , i& = r 21 , h = t 22 , i 8 = v\ 2 . 

By differentiation these invariants along vector fields X and Y we get more invariants: 



Xlk — Ik+s, Ylk — I, 



fc+16- 



Repeating this procedure of differentiation along X and Y, we can consruct the indefinite sequence 
of invariants. The explicit formulas for the basic four invariants: 

B(HGis) — G.ffi.o) A(HG 0A — GH 0A ) HF 0A + GF 10 



h = 
+ 



h 



3F 9 3F 9 3F 5 

BG 2 P (AG 2 -2HBG)Q (BH 2 — 2HAG)R AH 2 S 
3F 9 3F 9 + 3F 9 3F 9 ' 

Aq.i — Bx.q AFq.-l — BFiu 



3F 2 3F 3 
GHGlq - G 2 H 1 . + # 2 G .i - HGH .i + G 3 P + 3G 2 HQ + 3GH 2 R + H 3 S 



3F 11 

G(AG±,o + BHi.o) , H{AGo.i+BH Q .i) 10(iLF .i + GFi. ) 



3F 9 3F 9 3F 5 

BG 2 P (AG 2 - 2HBG)Q (BH 2 — 2HAG)R AH 2 S 
~ 3F 9 + 3^ 3F 9 + 3F 9 ' 

The case of general position divides into three subcases: 
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1. into the infinite sequence of invariants Ik one can find two functionally independent ones; 

2. invariants Ik are functionally dependent but not all of them are constants; 

3. all invarians in the sequence Ik are constants. 
Example. Equation 6.54 from the handbook E.Kamke |18j : 

y" = y 2 + 4yy' + y 2 y' 2 . 



5 Intermediate degeneration case 

In the case F — 0, but A ^ or B ^ the pseudovectorial fields a and (3 are collinear. 
Let us denote the new quantities ip\ and ip 2 - If A =/= they equal to 

^ = ' 3 5A + 5 Q ' ^ 2 = 3B 5A 2 ~ 3 51 + 5^ (8) 



If B + 1 0: 



,AS-B .i Q A .i+5i.o-3AR 6^ Q AS-B .i 3 

L 7, O U. (j9o = 3 j 

5B 2 5B 5 V ' ^ 55 5 



They allow us to organize an affine connection r*- using O^- from (|4| and a pseudoinvariant f2 of 
weight 1 



The pseudoinvariant f2 in the case ^4 ^ 0: 

= 2^,0(^ + ^.0) _ (2B 1 . + 3BQ)A 1 . (A 0A - 2B 1 . )BP 
A 3 - A 2 - + - A 2 

BA 2 .o + B 2 P 1 . B 2 . 3B 10 Q + 3BQ!.o - B 0A P - BPq.! 

A? A QoA ~ u 

The pseudoinvariant f2 in the case B =/= 0: 

2AB a . 1 (AS - Bo.,) {2A 0A - 3AR)B 0A (B h0 - 2A 0S )AS , 



(11) 



B 3 #2 #2 

, AB . 2 -A 2 S . 1 A . 2 , 3i4 .i-R + 3i4i2 .i-Ai. fif-AS'i.o 



(12) 



-R1.0 — 2Qo.i- 



B 2 B B 

The rule of covariant differentiation of the pseudotensorial field was presented in |13| : 

Qpil-ir r 2 s 2 

v*it-:.£ = ^ + E E ni n F t:lr ir -EE r ^.t..^ + ™^:.±- 

n— 1 v n —l n—1 w n — 1 

If the pseudotensorial field F has type (r, s) and weight m, then the pseudotensorial field VF has 
type (r, s + 1) and weight m. 

Pseudovectorial fields a and (3 are collinear, hence exists the coefficient AT, it is the pseudoinvariant 
of weight 2, such that: f3 — 3Na. Then 

C = d lj WjN, M = -an?, 7 = -I - 2^a, (13) 
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Here £ - pseudovectorial field of weight 3; M - pseudoinvariant of weight 4; 7 - pseudovectorial 
field of weight 3. 

The pseudoinvariant N in the cases A ^ and B ^ 0, respectively, is: 

N = - H -, N=~. (14) 

3A : 3B y ' 

The pseudoinvariant M in the case A ^ 0: 

M = _ lWN ^ P + A ^) +BN 10 + ^BNQ + 6 -N Bl + 6 -NA ,-ANo,- ^ANR. (15) 
5A 5 5 5 5 

And in the case B ^ is: 

M = - 12AJV( ^- g0 l) - AN 0A + ^ANR - lNA , - + BN, - ^BNQ. (16) 

In the case A ^ the field 7 is: 



= _ e^p + A, o) isa^q 6^,0 + a^) _ 12 20j? 

' 5A 2 5A 5A 5 

, 6JV(5P + iio) 6 
7 = — + ^1.0 + giVQ + 2ftA 

In the case B ^ the field 7 is: 

5-ts 5 
= _ flAA^ - flb.x) 18iV^ _ 6N(A , + Bl ,) _ 12 

' 5B 2 55 5E 5 

5.1 First case of intermediate degeneration: M ^ 



(17) 



(18) 



If A/ 7^ (15), (16 1 then the pseudovectorial fields a (|5l and 7 (|T7|), (18) are non-collinear 



Moreover, N y^O (14 1. Let's concider the following expansion: 

V 7 7 = f l 2 oc + t 2 22 j 



The basic invariants: 



j _ M_ r& T = T k 

1 A 2 ' 2 N ' 3 M ' 



Here M, N and ft are from (10)-(11), (12), (13)-(14). The explicit formula for t\ 2 



f 1 

1 9 



iWilU-ll,) , (tWi - (7 X ) 2 7i 2 .o 



P^ 1 ) 3 + 3Q( 7 1 ) 2 7 2 + WryHff + S( 7 2 ) 3 
+ M 

By differentiating invariants 1%, I 2 and ^3 along fields a and 7 we get new invariants: 

T _ vV?fe _ (V 7 4) 2 

The first case of intermediate degeneration divides into three subcases: 

1. into the infinite sequence of invariants 1^ one can find two functionally independent ones, the 
algebra of point symmetries of the equation ([lj is trivial; 
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2. invariants 1^ are functionally dependent but not all of them are constants the algebra of 
point symmetries is 1-dimensional; 



3. all invarians in the sequence Ik are constants, the algebra of point symmetries is 2-dimensional. 

Example. Equation 6.45 from the handbook E.Kamke is from the first case of intermediate 
degeneration. 

y" = ay' 2 + by. 

5.2 Second case of intermediate degeneration 



If M = (151, (16 1 then the pseudovectorial fields a. ([5| and 7 (17 1, (18) are collinear. Hence 
exists the coefficient A such that: 7 = Act. This pseudoinvariant of weight 1 in the cases A 7^ 
and B ^ 0, respectively, is: 

A = -^-, A^O, or A=i-, P^O. 



The explicit formulas: 



5P 2 B 5B y ' 

A= eN(BP + B 1 . )_N^_6NQ_ m 

5A 2 A 5A y ' 



Let's calculate the curvature tensor using the connections (10 1 



c)V k r)V k 2 2 

R k U _Jk_ _ <^iq , V- pfc ps _ V- pfc ps 1 _ 2 

m dui dui ^ 3q JS q ' 

s—1 s — 1 

And the pseudotensorial field of the weight 1: 

i=i 3=1 

where Ai and A2 its eigenvalues. 

Let's construct the pseudocovectorial field of the weight -1 in the case A ^ 0: 

wi = - — , u 2 = j . (21) 

Their explicit formulas: 

12PP 54 Q 2 P0.1 , 6Q1.0 PA0.1 + SPlo + A 2 .o 



5A 25 A A 5A 5A 2 
2Pi. P 3QAi.o - 12PBQ 6P 2 P 2 + 12Ai. PP + 6Af o 
~ 5.4 2 + 25A 2 + 25^3 ■ 

_ 6A + 30 -5PP .i + 6PQi. + 12RBP 54 PQ 2 _ 
W2 ~ + " 5A 2 ^M^L 2 ^ 

_ 2BB 1Q P + BAqaP + ^ 2 -Pi.o + BA 2 . Q _ 12B 2 PQ 
5A 3 25.1 1 + 

3PQAi. 6PA 2 + 6P 3 P 2 + 12P 2 Ai. P 
+ 25A 3 + " 25,4 4 ~" 
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And in the case B^O: 



- -g , w 2 — — . (22) 



Their explicit formulas: 

6A + 30 5^,51 o - 6AR i + 12QA5 54 Ai? 2 

Wi = 1 — 

5B 5B 2 25 B 2 

2AA . 1 S + ABx.qS + A 2 S .! - AB . 2 12A 2 SR 



5B 3 25B 3 
SARBg^ 6AB 2 A + 6A 3 S 2 - 12A 2 B . 1 S 
25B 3 + 25B 4 ' 



12SQ 54 i? 2 Slq 6flp,i SBi. Q + AS .i - B . 2 

5B 25 B B 5B " 5B 2 
2A 0A S 3RB .i + 12SAR 6A 2 S 2 - 12B 0A AS + 



5B 2 25B 2 25B 3 

Let's construct the field of the weight 1: 

w = Nuj + VA + ^VO. 

o 

It is collinear to the pseudovectorial field a hence exists the proportionality factor w = Ka. 

g= Ai.o + A yi n^o + nyi jv^i 

^ 3/1 A v ; 

g = A , 1 + A y2 + O , + % 2 + i^ ; fl ^ 

Let's make a pseudocovectorial field e of the weight 1: 

e = iVw + VA. 

After raising indices by means of skew-symmetric matrix d lJ we get the pseudovectorial field e of 
the weight 2. 

e 1 = Nuj 2 + A .i + <ys 2 A, e 2 = -Acjx - Ax.o + ^xA. (25) 
The fields e (J25) and a g are non-collinear, so we are able to write 

V £ £ = f 22 C* + f 2 2 £. 

fl = 5 £ V( £ U- £ 2 .x) . S^^.x-S^ 1 ) 2 ^ 

22 3Nn 

bPje 1 ) 3 + 15Q(e 1 ) 2 e 2 + lbRe^e 2 ) 2 + 5S(e 2 ) 3 

The pseudoscalar fields: 

L = KN + 3An + ^fl 2 +2A 2 . (26) 
V e L 4AV £ A 170V e A 12L 2 53LAO 48LA 2 62L0 2 8L 

77" T^l _ I c I g I I 

22 N N 6N 5N 5N 5N 15 N 3 

48A 4 106A 3 O 16A 2 1163A 2 ^ 2 137A0 3 50AO 203O 2 770 4 20 N 
" 5.V + 5.V 3 H (id.V + 18N + 9 + 108 + 13577 + 27 



(27) 
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So we can make invariants, here A from ( 19 1 , ( 20 1 , Q from (11), ( 12 1, N from ( 14 ) , L from ( 26 I 

A 12 



E from (27) 



h = 



h = 



h = 



E e N 4 



Cl s N 2 ' z N 2 fl 4 ' 3 ft 20 ' 
In the second case of intermediate degeneration algebra of point symmetries of the equation (|T|) is 
1-dimensional if and only if all invariants I\, I2, I3 are identically constant. At the other cases the 
algebra is trivial. 



5.3 Third case of intermediate degeneration 



In this case N ^ (14), M = (151, (16), fl = (111, (121, A ^ (191, (201. Let's consider again 



the pseudocovectorial field iv of the weight -1 from (21 1, (22 1. Upon raising indices by the matrix 



(pi we get the vector field u: u 1 = u)2-, u 2 = As if A 7^ 0, then u> and a are non-collinear and 
we can get the following relation: 

V w w = fi 2 a + f 2 2 w, 



f 1 - 
1 22 — 



5cj 1 cj 2 (cj^ — Wq.i) 5(w 2 ) 2 Wo^ — 5(cj 1 ) 2 o; 2 c 



A A 

SPjoj 1 ) 3 + 15Q(^) 2 ^ 2 + \hRu\uj 2 ) 2 + 5S(oj 2 ) 3 
6A 



In this case we define a new L and E, here K from (23 1, (24 1 



E = r 22 - 



2A 2 
+ 1nT' 
V^L 9L 2 
N + ~5N 



2L 12LA 2 7A 2 



5AT 2 



3A 2 



_5_ 63A 4 
97V + 20PP' 



(28) 



And construct the invariants. Here L, E from (28 1, N from (14 1, A from (19 1, (20 1 

L 8 N 6 , SA^ 3 



/1 = 



Ja = 



A 12 ' A 4 

In the third case of intermediate degeneration algebra of point symmetries of the equation ([lj is 
1-dimensional if and only if both invariants I±, I2 are identically constant. At the other cases the 
algebra is trivial. 

Example. Emden- Fowler equation 6.11 with n = —3 from the handbook E.Kamke [18 : 



5.4 Fouth case of intermediate degeneration 



Here N ^ (14), M = (15 1, (16 1, CI = (111, (12), A = (19), (20), K ^ -5/9 (23), (24 1 



Let's consider again the vectorial field u>: oj 1 — ll>2, u 2 — —uj\ from (21 ), (22 1. As if A = 0, then 



u) and a. are collinear and we can define new scalar field by the relationship u> = &a. 

(-) = —. A^0, 6=^, B^Q. (29) 



A • 
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Let's consider the covariant differential 6 = VO. This is pseudocovectorial field of the weight -2: 



6 1 = Glo - 2^0, 2 = 0o.i - 2^ 2 0. 

The corresponding pseudovectorial field of the weight -1: 1 = 9 2 , 9 2 
contraction with a (|5|: 



L 



(30) 

-9\. Let's calculate its 
(31) 



And the following relation is true, here K from (23), (24 1 

5 



L = K 
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As if L 7^ 0, the fields Q and a ^ are non-collincar: 



f 1 

1 on 



v e e = f\ 2 a + fl 2 e 1 



9L 



SP^ 1 ) 3 + lSQ^ 1 ) 2 !? 2 + lSi?^ 1 ^ 2 ) 2 + 5S(6 



9L 
l//J2^2 



One more pseudoscalar field: 



E — f L 



91 



27jV f0 + AV_ 3 fe + A^ 

5 V 9A / 4 V 9iV 



(32) 



Invariant, here S from (32), iV from (14), L from (31 1: 



/1 



^6^12 
L 20 ' 



In the fouth case of intermediate degeneration algebra of point symmetries of the equation ([I]) is 
1-dimensional if and only if the invariant I\ is identically constant. Otherwise the algebra is trivial. 

5.5 Fifth case of intermediate degeneration 



In this case N ^ (TH), M = (151, (16), fl = (111, ( 12 1, A = (19 1, (201, K = -5/9 (23 1 



( 24 1 . All equations are equivalent to 



y" = — , another form y" 



W 



The algebra of point symmetries is 3-dimensional. 



12a: 3 y 



5.6 Sixth case of intermediate degeneration 



In this case N = (14), fi ^ (11 1, (12 1. The pseudovectorial fields w, = w 2 , w 2 = -cj 1 (21| 



(22 1 and ct ([5]) are non-collinear, so: 



V„u> = fj 3 a + f 2 2 u;, 
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5w u (uj o — ^o.i) 5(w ) ujq a — 5(w ) w 2 



9fl 



90 



90 



Invariants, here K from ([23), ([24j|, O from ([TTJ, Q 

21 



/i = L = V U K - —K 2 - K, 
25 



i 2 = o 2 f L -v u l 



'2 

72 



.^3 + 63^2 + 1?^ _ K _ L 
625 50 25 



In the sixth case of intermediate degeneration algebra of point symmetries of the equation ([T) 
is 1-dimensional if and only if both invariants I\, I 2 are identically constant. At the other cases 
the algebra is trivial. 

Example. Equation 6.41 from the handbook E.Kamke |18j : 

y" = -y 3 - \y 2 + Syy'. 
5.7 Seventh case of intermediate degeneration 



In this case N = fll4| , = ([11], (|12j. The pseudovectorial fields 8 (|30j and a (|5j are non- 
collinear, so: 



V e = T^c* + L 2 2 0, 



f 1 



P(6» 1 ) 3 - 3Q(6> 1 ) 2 6' 2 - SRO 1 ^ 2 ) 2 - S{6) 3 



Let's denote the new pseudoscalar field and the invariant, here & from (29 1 

(V e L) 4 



1 



l = rio — 



22 - ^© , A 



L 5 



In the seventh case of intermediate degeneration algebra of point symmetries of the equation ([lj 
is 2-dimensional if and only if the field L = 0; is 1-dimensional if and only if the field L ^ and if 
the invariant 1\ is identically constant. At the other cases the algebra is trivial. 
Example. Equation 6.5 from the handbook E.Kamke |18| : 

y" = ay 2 + bx + c. 



5.8 Additional subcases of the intermediate degeneration 



Let's organaize a new pseudovectorial field rj and its scalar product with the field £ (13) 



//' -/''V,.\/. Z = dirf? . 

Z is a pseudoinvariant of the weight 7. Then the first case of the intermediate degeneration divides 
into the four subcases. 

Subcase 1.1. M ^ 0, fi ^ 0, Z ^ 0. 
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Subcase 1.2. M ^ 0, Q, + 0, Z = 0. 
Subcase 1.3. M ^ 0, ft = 0, Z ^ 0. 
Subcase 1.4. M ^ 0, = 0, Z = 0. 

The seventh case of the intermediate degeneration also divides into the two subcases. As if O 
is pseudoinvariant of the weight -2. 
Subcase 7.1. N = 0, ft = 0, 9 ^ 0. 
Subcase 7.2. AT = 0, ft = 0, 6 = 0. 

5.9 Tree of the intermediate degeneration cases 

The following diagramme illustrates the cases of the intermediate degeneration. 



sO 



r ■ 

T 

M 



so 



N 



*o 



*0 



Case 
1.1 



Case 
l.Z 



sO 



Case 
1.3 



sO 



Case 
1.4 



Case 
I 



s0 i 



Case 
3 



=0 



A -i 



K 



Case 




Case 




Case 


4 




5 




6 



sO 




=0 




* 






Case 




Case 




7.1 




7.2 



Phc 1: Tree of the intermediate degeneration cases 



6 Correlation between the semiinvariants 

No doubt the main part of the pseudoinvariants have been known previously. 
At the work E.Cartan [5] have adopted the following notations: 

P = -04, Q = — as, i?=-a 2 , S = — 01, A = —Li, B = —L 2 . 

At the work R.Liouville [1 were presented the semiinvariants 1/5, w\, 12 and the parameter R\ 
(see rewiew in |12|). Here is a link between these quantities and the pseudoinvariants F, ft, N and 
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the parameter H: 

F 5 = v 5 , H = L 1 (L 2 ) X ~L 2 (L 1 ) X +3R 1 , SI = -wi - ^ - 4 1 , N=^. 

Another pseudovectorial fields and pseudoinvariants for the first time were appeared in the papers 

nu, [g, m- 

7 Painleve equations 

Let's determine the positions of the Painleve equations in the proposed classification scheme. 

1. Equation Painleve I is in the case 7.1 of intermediate degeneration. The equivalence problem 
for this equation is effectively solved in paper [16J. 

2. Equations Painleve III- VI (with the exeption of the special cases!) are in the case 1.3 of 
intermediate degeneration. 

3. Special cases. 

(a) Equation Painleve II is in the case 1.4 of intermediate degeneration. The equivalence 
problem for equation Painleve II is solved in papers [IB], |17j . 

(b) Equation Painleve III with 3 zero parameters is in the case 1.4 of intermediate degenera- 
tion. The equivalence problem for this equation is solved in paper |17| . 

(c) Equation Painleve III with parameters (0,b,0,d) or (a,0,c,0) (they are equivalent) is in 
the case 1.4 of intermediate degeneration. 

(d) Equation Painleve V with parameters (a,b,0,0) is in the case 1.4 of intermediate degenera- 
tion. 

(e) Equation Painleve III with parameters (0,0,0,0) is in the case of maximal degeneration. 

(f) Equation Painleve V with parameters (0,0,0,0) is in the case of maximal degeneration. 

(g) Equation Painleve VI with parameters (0,0,0,1/2) is in the case of maximal degeneration. 
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